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ABSTRACT.   Let S and T be compact Hausdorff spaces and

let P(S), P(T) and P(S x T) denote the collection of probability

measures on S, T and S x T, respectively.   Given a probability mea-

sure /i on S x T, set 77/¿ = ( a, ß) where  a and ß are the marginals

of ii on S and  T.   We prove that the mapping 77: P(S x T) — P(S)x

P(T) is norm open and weak   open.   An analogous result for

L AX xY, fix v) where (X, z¿) and (Y, v) are probability spaces is

established.

1.   Introduction.   Let S be a compact Hausdorff space.  Let C(S) denote

the algebra of continuous real valued functions on S and let M(S) denote

the linear space of real valued regular Borel measures on S of finite total

variation.  We identify M(S) with the dual of C(S). Let P(S) denote the

probability measures on S.   In [l], Ditor and the author obtained open map-

ping theorems for a naturally induced mapping between spaces of probability

measures on compact sets.  Namely, let 5 and T be compact Hausdorff

spaces and let <p": S —» T be continuous and onto.   Then rp induces a map-

ping 77: P(S) -* P(T) defined by nft(V) = p(0_ Hv)) for each Borel subset

V of T.   The following results are established in [l].

(*) m P(S) —» P(T) is norm open.

(**) tt: P(S) -> P(T) is weak* open iff <p: S -» T is open.

One in fact obtains the following quantitative result.   Let  p e P(S) and set

a = 77p.   Given ß e P(T), there exists v e P{S) such that ß = rrv and

||p-HI = l|a-/3||.
In this paper, we consider the open mapping properties of a naturally

induced operator of interest in probability theory [3], [5].   Let S and T be

compact Hausdorff spaces.   Define 77: M(S x T) —» M(S) x M(T) by 77p = (a, ß)

where a and ß are the marginals of p on S and T, i.e., a(U) = ¡i(U x T)

and ß(V) = ¡AS x V) for each Borel subset U of 5 and V of T.   The col-

lection of all marginals is
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M{S, T) = {(a, ß) £ MiS) x Al(T): a{S) = ßiT)\.

In §2, we establish our main results.

(1) Let p £ PiS x T) and set np = (a, ß).   Given marginals (A, p) in

PiS) x PiT), there exists v £ PiS x T) such that rrv = (A, p) and \\p - j/|| <

¡a - A|| + ||ß - p\\.   Hence, n: PiS x T) -> P(S) x PiT) is norm open.

(2) n: PiS x T) — PiS) x PiT)  is weak* open.

In § 3, we consider the analogous case of L j(X xY, pxv) where (X, p)

and (Y, i/) are probability spaces.  We also establish an open mapping result

for the conditional expectation operator.

2.   Probability measures on S x T.   In order to prove our main results

(1) and (2), we first establish a quantitative version for the case when S and

T are finite.   An alternate proof of Lemma 2.1 is provided by the argument

in 3.2. The type of combinatorial argument given below is needed to extend

the result to finite products [6].

Lemma 2.1.   Suppose S and T are finite sets.   Let p £ PiS x T) and

set  np = (a, ß).   Fix marginals (A, p) in PiS) x PiT).   Then there exists

v £ PiS x T) satisfying rrv = (A, p) and \\p - v\\ < \\a - A|| + \\ß - p\\.

Proof.   First consider the case where p = ß and where A and a differ

at exactly two points say Sj and s2.   We may assume a(sj) > A(sj) and so

ais2) < A(s2).   Set £ = <x(s j) - A(s j)   and S = a(sj).   Now define  vis, t) =

pis, t) if s¡¿Sj and s ¿ s2 and define vis^ t) = (S - e)/5-p(sj, t) and

vis2, t) = pis2, t) + ie/8) ./*(sj, t).   Then rrv = (A, p) and  \p - v\ = 2e =

||a-A||.

Now fix marginals (A, p) in PiS) x PiT).   Suppose a ^ A.   Choose s.,

s2 in S with a(sj)>A(sj) and a(s2) < A(s2). Set

e:= min{a(sj) - A(sj), A(s2) - a(s2)|.

Now define a'  by a'(s) = a(s) if s^sx and s ¿ s2 and a'(sj) = a(sj) +

í and a'(s2) = a(s2) - t.   Then a and a'  differ at exactly two points and

||a - A|| = ||a - a' || + ||a'- A||.   By repeatedly applying the above, we obtain

aQ,..., an in PiS) such that a^ = a, an = A, ||a - A|| = S ||a._ j - a.|| and

such that a._ j and a. differ at exactly two points.

If we choose v^,..., v    in PiS x T) such that rtvi = (a., ß) and

\\vj_ j - i^¿|| = ||a._ j - a.|| where vQ = p, then v    satisfies nvn = (A, j8) and

\\p — v || < ||cx - A||.   Now apply the above process to p and ß to obtain v 6
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P(S x T) such that rrv = (A, p) and \vn - v\\ < \\ß - p\\.   Then  ||p - v\\ <

l^-^ll + K-HI<l|a-A|| + ||ß-p||.
The above combinatorial result extends to the case where S and T are

Hausdorff spaces, since the set of finite convex combinations of point mass

measures on S is weak   dense in P(S).

Theorem 2.2.   Let p e P{S x T) and set nip) = (a, j8).  // (A, p) e P(S)

x P(T), then there exists v 6 P(S x T) satisfying n(v) = (A, p) and ||p - y||

< ||a - A|| + ||jS - p||.   Hence, tt is a norm open mapping of P(S x T) onto

P(S) x P{T).

Proof.   Let Sl(S) denote the family of finite decompositions {[/j,.,.,

U 1 of S where  U y ..., U    are nonempty, disjoint Borel subsets of S.

Given decompositions {A.,..., A  \ and \B j,..., B J of S, we write

\A...... A  } < jß ...... B   i if each ß . is contained in some A..   The
Ln   —        l m ] i

relation < directs 3)(S).   Given 11=11/,,.... U } in 3)(5) and C={V......
— in i

Vm\ in 3)(T), choose x. e í/¿ and y{ e V..   Fix p £ P(S x T) and (A, p) e

P(S) x P(T) and set nip) = (a, ß).   Given U = {t/j.t/^} in 3)(S) and

0 = {Vj,..., V   | in MT) with choice points Xj,..., x    and y,,..., y  ,

define

pOl, Ö) = 2>(i/. x v;.) • S(x., y7.)
¿.y

where S(x¿, y.) is the point mass at (x¿, x.).   Thus, (ll, L) —♦ p(U, L) is a

net and p(U, L) converges to p weak .   Likewise, define a(ll) =

la{U.)8(x.) and /3(C) = 2/3(Vy)S(y;.) and similarly for Mil) and p(C).

We obtain v as follows.   By Lemma 5.1, there exists v   _ such that

tKi^q) = (Aal), p(C)) and

llpCJ, D) - t^oll < ||a(11) - AaOII + 11,8(0 - p(0||

< ||a- A|| + 11/3 -p||.

The net v^ q has a limit point f since P(S x T) is weak compact. Neces-

sarily, we have v«. » converges to v weak . Hence, by weak continuity of

77, we have rr(v) = (A, p).   Also, ||p - i^|| < ||a - A|| + ||/3 - p||.

We next prove that 77 is weak   open.   This requires a more delicate argu-

ment but again the proof rests upon Lemma 2.1.

Theorem 2.3.   Let S and T be compact Hausdorff spaces.   Equip P(S),

P(T) and P(S x T) with the weak* topology.   The mapping 77: P(S x T) -»

P(S) x P(T) is weak* open.
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Proof.   Fix p £ PiS xT) and set nip) = (a, ß).  Let Ffc e C(S x T) such

that 0 < Fh < 1 for k - 1,..., n.   Fix 1 > e > 0.  Set ñ = \v e P(S x T) >

\(p - v)F A < 18f for k = 1,..., n\.  It suffices to show that niSi) is a weak*

neighborhood of (a, ß).  There exist closed disjoint subsets Kj,..., Kp of

5 and L y ..., L    of T satisfying (1) wCE^, K¿ x L}) < e/2 where

coiF,, K.x L.) is the oscillation of F.  on K. x L. and (2)  ¿i(K x L) > 1 -
fc        z 7 " '

f/2 where K = UK. and L = (JL..  Now choose G,  continuous on S x T

such that 0 < G, < 1, G,  is constant on a neighborhood of fÇ x L. for each

i and ;' and \\Fk - Gk\\ < e/2.   Thus, \v: \ip - v)G"J < He for each k =

1,..., n| is contained in Í2.   Choose disjoint open sets  Uj,..., U    and

V,,.... y    such that K. C U., L. C V. and G,  is constant on U. x V. for1 9 Ti        '"    '   II

each z, /' and k.   Set [/ = U^- and V = \JV..   Choose functions /j,..., /

in CiS) and g1#..., g    in C(T) satisfying 0 < /f < 1, /^ = 1 on K¿ and

/. = 0 off U. for z = 1,..., p and similarly for g j,..., g .

Now assume (A, p) £ PiS) x PiT) and satisfies 2¿|(a - A)/¿| < f/2 and

2 .|(yS - p)g | < f/2.   The proof will be completed if we produce v such that

rriv) = (A, p) and  \ip - v)Gj < 17f for k m 1,..., n.   We approximate p, p, A

in norm and apply the above lemma.   First, notice that aiK) - A(t/) <

(a - A)(2/.) < f/2.   Thus, 1 < aiK) + f/2 < A(t/) + e and so XiU) > 1 - t.

Similarly, piV) > 1 - e.  Now define A and p by XiU) - A= A|l/ and piV) .p

= p|V.   Define ¡ï by /z(K x L). p = p\iK x L).   If Q is a probability measure

and F is a ^-measurable set with 0(E) > 0, then 0(F).f5= 0|F implies

||0 - 0|| = 2[1 - 0(E)].   Hence, \p - p\ < f, ||A - A|| < 2f and ||p - p|| < 2f.

It suffices to find v satisfying |(jt - v)G, \ < 14f for k = 1,..., « and niv)

= (A, p).   To see that this is sufficient, set m = min{A(L/), piV)\.  Then

||A - mA|| = 1 - m < t.  Similarly, ||p - mp\\ < e.   Finally, set

v = mv + (1 - m)~ 1 • (A - mj) x ip - mp).

We have tt(i/) = (A, p).  Also,

|C#* - v)Gk\ < \\p - ~p\ + \ip - v)Gk\ + \\v - v\\ < 17f.

We now construct v.  Set nip) = (<x, ~ß).   Then ||a - a|| < e and \\ß - j5||

< f.  Set a. = äiK.), ß. = ~ßiL.), A. = XiU.), p. . p(V.) and p.. = ^ x L.).

Then

a.-A.= â(K.)-Â([/.)
I l Z I

= (Í - a)/. + (a - A)/¿ + {A - Ä)/. + X(/.) - Ät/.).

Summing from z = 1,..., p and using 2A(l/.) = 1 > A(2/.), we obtain
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Xla^A.l^lâ-al^/j+lA-ÂI^/,.)

+ ZI(a-A)/.| + i-Â(£/.)

<£+2f + f/2+ 1-X(¿/í-)»

We now estimate the last term.  Namely, we have

1 - *(Z ft) - (5 - a)(S /¿) + (a - \)(Z ff) + (A - A)(E /,.)

< f + í/2 + 2f.

Thus, £|a. - A.| < 7í.  Similarly, 2|/3. - p.| < 7e.   Apply Lemma 5.1 to ob-

tain a doubly stochastic matrix [v..] such that X . .|zz.. - v..\ < I4e, A. =* i] i,j'~ij       ij< i

2 .v.. and p. = S .v...   Define1 ii ri        i a

v=£i,..ai(/.)x(p|v/)/A¿p..
i.i

Then 77(1?) = (A, p).   Also,

\ip-v)G,\ = < 14f

i.i

where g*. is the constant value of G,  on U.x V..   This completes the proof.

If one considers 77 on the cone of nonnegative measures on S xT, then

one obtains the following open mapping results.

Theorem 2.4«   Let p e M (S x T) and set rrp = (a, ß).

(1) // (A, p) e M+(S, T), then there exists v £ M*(S x T) satisfying

77V = (A, p) and ||p - i/|| < 3(||a - A|| + ||/3 - p||)/2.

(2) The mapping 77: M (S x T) —> M (5, T) z's wea&   ope;?.

A proof for the first part may be obtained by establishing an appropriate

variant of Lemma 2.1 [see Theorem 3.2(2) below], and taking limits in the

weak   topology.   The second part follows from Theorem 2.3.

3.   Integrable functions on a probability space.   Let (X, p) be a prob-

ability space and let P(X, fi) = \f e L j(X, p): / > 0 and ||/|| = 1 i denote the

nonnegative integrable functions on X of mass 1.   We obtain open mapping

results for the space P(X, p) which are analogs of those in §2 and in [l].

We first consider a naturally induced operator of fundamental importance in

probability theory.   Let (X, Q, p) be a probability space and let Jj be a o-

subalgebra of U.   Let 77: L j(X, U, p) —» L j(X, S, p) be the conditional ex-

pectation operator for $.  If o denotes the inclusion mapping of Lj(X, ÍB, p)

into Lj(X, u, p), then 77 is the continuous extension of the adjoint o :

LjX. Ö. p) - LJX, SB, p).  See Moy [4].
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Theorem 3.1.   Let (X, Ö, p) be a probability space and let 53 be a a-

subalgebra of u.   Let rr denote the conditional expectation operator for &.

(1) n preserves order intervals, i.e., if f £ L j(X, U, p) and if nf>g

>0 where g £ Lj(X, SB, p), then there exists f>h>0 satisfying nh = g.

(2) Fix f £ Lj(X, U, p) and g e Lj(X, ÍB, p).   There exists h £

L+iX, Q, p) satisfying nh = g and \\f - h\\ = \\nf - g\\.  Hence, n: LJ(X, (3, p)

—> Lj(X, J3, p) is norm open.

(3) n: LAX, u, p) —*L.(X, 53, p) is open with respect to the weak

topology.

(4) Let S and T denote the maximal ideal spaces of L^iX, U, p) and

L^iX, SB, p), respectively.   There exists <f>: S —» T such that <p is contin-

uous and open and such that (og)~ = g ° <p for each g e L^iX, S3, p) where

" is the Gelfand transform and a is the inclusion mapping of LM(X, U, p).

Proof.   To verify (1), fix / e Lj(X, u, p) and assume g e Lj(X, S3, p)

where nf > g.   Set fQ = 0 and gQ = 0.  Now define /   and gn for « = 1,2,...

by the equations

/-«"(/"5/JA•(*"£«*) and ̂ -i■■'.«•

Now set /^ = 2^!^. and g^ = S^jg¿.  We have />/„ and g > gM.  Since

(/ - O A a(g - gx) = 0 and n(f-fj>g- g^, we have g = g^,.  Thus, ir

preserves order intervals.   Also, notice that (1) => (2).

Fix / £ P(X, (?, p) and let 11 be a weak neighborhood of / in P(X, Q, p).

To verify (3), we only need to show that ttU is a weak neighborhood of nf in

P(X, 3, p).   Choose disjoint sets E.,...,E    in U which cover X and f >

0 satisfying {g £ P(X. Ö, p): \(g-f, XE¿ >| < e for i = 1,..., n| Ç II and A¿ =

ÍE¡fdp>0 for i = 1,..., n.   We define (h, k)= fh'k dp for h £ L j and

* e LM.  Set l. = \-lf.XE..  Then 2£, xy. = / and 2?=|Xf= 1 and /. e

PiX, Q, p). Now set Uy = {g e P(X, Ö, p.): |<g - /;„ xBi)\ < e for z = 1.

«}.   Then A, ll,+• • •+A  il   C li.   Since /..ye- = 0 if z ¿ j, we have that
il 1171— '7**-! '

U;.= ig e P(X, Ö, //): |(g, xEj}\ > 1 - i} and so, by applying (1), that 7rU\ is

a weak neighborhood of nf. in P(X, 53, p).   It remains to show that if Lj and

L2 are weak neighborhoods of gj and g2 in P(X, ÍB, /*) and if a. + a2 = I

where dj, a2 > 0, then Q-^i and <*2^2 is a weak neighborhood of <*jgj +

a2g2.   Fix x¡tx,..., ¡p    e L^X, ÍB, |[i) such that H^-ll^ < 1 and C D

{g e P(X, S3, ft): |(g - gf, ^y>| < e for / = 1,..., m\.  Set <p\ =

g¿Aalgl + a2Í>2^  ^et a = max{a.j/a2, a.2/a.j}.  Fix g e P(X, 53, ¿i) satis-

fying
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|(g - (ajgj + a2g2), c/>^;.>| < e/2    and    ||<p.g|| < 1 + e/2a

for i = 1, 2 and / = 1.m.   We now have ((p¿g - g¿, </f;. ) = (g - (a jgj +

a2g2), <pz<A;> and aj<pjg + a2<p2g = g.   Assume ß = ||<pjg|| > 1.   Then set

/>j = (pjg//3 and h2 = (f>2 = <f>2g + at(<pjg - hj)/a2.  Then aj/>j + a2h2 = g

and K^-«,., «Ay>l << since ||a1(ç!.1g-/.j)/a2|| <f/2 and \\<f>tf t - h^ <

e/2.   The case ||<£jg|| < 1 is similar.

To prove (4), let S    and T    denote the open and closed subsets of S

and T, respectively.   Define 77: C(S) — C(T) and 5: C(T) — C(5) by ñ(f) =

(77/f  for / £ LM(X, O, p) and dig) = (ogT for g eLj^X, ÍB, p).   Thus, 5

maps idempotents in C(7) to idempotents in C(S).   Thus, we have $: T

—» S    defined by $(F) = K iff 5()¿E) = Xk'   Since ^ *s a Boolean algebra

monomorphism of T into 5, $ determines [2, p. 85] a continuous map (p of

S onto T where 0" Kf) = $(F) for each F e TH.   Thus, g ° <p = â(g) for

each g e C(T).   To see that <j> is open, fix K open and closed in S.   Let

ll-j/íT: (ffXKXí) > 0Î.   Then  Í/ is open in T and (/ Ç <p(K) Ç (/ where

(/ denotes the closure of U.   Since T is extremally disconnected, we have

U is open and so <p(/0 = U is open.

We now take up the problem of establishing open mapping properties for

marginals of integrable functions on (X x V, p x v) where (X, p) and (Y, v)

are probability spaces.   Given F e L j(X x V, p x v), set 77F = (/j, /2) where

/j(x) = /F(x, y) a"i/(y) and /2(y) = jF(x, y) d¡i{x).   Although closely related

to Theorem 2.2, our next result requires a different proof.   A straightforward

application of Lemma 2.1 shows that 77: P(X x V, p x v) —» P(X, p) x P(Y, v)

is open with respect to the weak topology.   Likewise, in case S and T are

totally disconnected compact spaces, one can similarly show that 77: P(S x t)

—» P(S) x P(T) is weak   open.   One should also note that part (1) implies

Lemma 2.1.

Theorem 3.2.   Let (X, p) and (Y, v) be probability spaces.   Let F e

L j(X xY.fj.xv) and set nF = (/j, f2).

(1) Assz/Tzze  ||F|| = 1 and (gv g2) e P(X, p) x P{Y, v).   Then there

exists G > 0 such that ttG = (gj. g2) and \\F - G\\ < ¡/, - gj + ||/2 - g2||.

(2) Fix nonnegative marginals (gy g2).   There exists G > 0 such that

"G = (gj. g2) and ||F - G|| < 3(||/j - gj|| + ||/2 - g2||)/2.

(3) The mapping it: P(X x Y, p x v) -*P(X, p) x P(Y, v) is open with

respect to the weak topology.

Proof.   As noted above, the proof of (3) is straightforward.   Fix F > 0

and set 77F = (/j, f2).  Let (gj, g2) be nonnegative marginals.   We first
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consider the case where f2 - g2-   By Theorem 3.1(1), there exists 0 < H < F

such that nH = ihj, h2) where h^ = /j A gj.   We may certainly assume

ll/j - Äj|| = A > 0.  Set G = /7 + (gj - Aj)(g2 - ¿>2)/A.  One obtains nG .

(gl- ̂  and  llF-GH=   2ll«i-Äill = ll/i "«ill-   The case /j = gj is han-
dled similarly.   To see (1), simply consider the intermediate marginals

if y g2) and apply the above two cases.

We next consider the case (gj, g2) < if y /2) which denotes gj < /j and

g2 < f2.   Choose F > B > 0 such that B is maximal with respect to property

77B < (gj, g2).   Set nB = (èj, b2) and />. = g¿ - ¿>¿.   We may assume  \\h.\\ > 0.

Next, choose F - B > C > 0 such that C is maximal with respect to the

property niF - B - C)> ihy h2).  If we set A = F - B - C and 77A = iav a2)

and nC = (tj, c2), then we have A = 0 on [h^x) > 0] x lhAy) > 0] and on

[Aj(x) = 0] x [h2iy) = 0] and we have h{ = a¿ on [h{ > 0].  Thus,

\\f1~gl\\ + ll/2-g2ll - llcjll + ||c2|| + ||aj-Äj|| + ||a2- h2\\.

Then 77W = ih y h2).  It suffices to show

\\A-H\\<h\\a1.hl\\ + \\a2-h2\\)

since setting G = B + H yields nG = (gj, g.) and

||F - G\\ < ||C|| + ||A - f/|| <|(||/x -gj|| + ||/2-g2||).

Using llAjll = ||a2 - h2\\ and  ||*2|| = ||aj - »J, we have

IM - "II = U\\ + NI = II«! - Ml + \\h2\\ = |(||aj - AJI + ||a2 - A2||).

We now complete the proof of (2).   Set k¡ = /¿ A g¿.   Set k¡ = /¿ A g,~

We may assume ||Aj|| < ||¿2||.   Fix 1 > e, 8 > 0 suchthat Uj+f(/j-£j),

&2),and Uj + S(gj - £j), ¿2) are marginals.   By the case considered above,

there exists K > 0 satisfying 77/C = (&j + f(/j - k.), k2) and

»f - icft <|(|/2-M+(i-*) l/i -M>-

Now apply (1) to obtain W satisfying «■// = (Aj + 5(gj - £j), £2) and  ||K - /i||

5£ll/i -^ill + ^l!gi-^ill'   Choose G>0 satisfying nG = (gj, g2) and

¡Í7 - G|| = (1 - 5)||gj - ¿j||.  Then we have

||F- G|| <||F- K|| + \\K-H\\ + ||//-G|| <^||/j-gj|| + ||/2 - g2||).
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