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ABSTRACT. Let S and T be compact Hausdorff spaces and
lee P(S), P(T) and P(S x T) denote the collection of probability
measures on S, T and S x T, respectively. Given a probability mea-
sure p on Sx T, set mu=(aq, B) where a and B are the marginals
of pon S and T. We prove that the mapping m: P(S x T) — P(S)x
P(T) is norm open and weak open. An analogous result for
L l(X x Y, ux v) where (X, n) and (Y, v) are probability spaces is
established.

1. Introduction. Let S be a compact Hausdorff space. Let ((S) denote
the algebra of continuous real valued functions on S and let M(S) denote
the linear space of real valued regular Borel measures on § of finite total
variation. We identify M(S) with the dual of C(S). Let P(S) denote the
probability measures on S. In [1], Ditor and the author obtained open map-
ping theorems for a naturally induced mapping between spaces of probability
measures on compact sets. Namely, let S and T be compact Hausdorff
spaces and let ¢: S — T be continuous and onto. Then ¢ induces a map-
ping m: P(S) — P(T) defined by mp(V) = u(¢~ (V) for each Borel subset
V of T. The following results are established in [1].

(%) m: P(S) — P(T) is norm open.

(%) m: P(S) — P(T) is weak™ open iff ¢: S — T is open.
One in fact obtains the following quantitative result. Let p € P(S) and set
a =mp. Given B € P(T), there exists v € P(S) such that 8= mv and
=+l = la - Bl

In this paper, we consider the open mapping properties of a naturally
induced operator of interest in probability theory [3], [S]. Let S and T be
compact Hausdorff spaces. Define m: M(S x T) — M(S) x M(T) by mp = (a, B)
where a and B are the marginals of y on § and T, i.e., a(U) = u(U x T)
and B(V) = p(S x V) for each Borel subset U of S and V of T. The col-
lection of all marginals is
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M(S, T) = {(a, B) € M(S) x M(T): a(S) = B(T)}.

In §2, we establish our main results.

(1) Let p € P(Sx T) and set mp = (a, B). Given marginals (A, p) in
P(S) x P(T), there exists v € P(S x T) such that mv = (X, p) and ||p -v| <
lla = Al + I8 - pll- Hence, #: P(S x T) — P($) x P(T) is norm open.

(2) m: P(S x T) = P(S) x P(T) is weak™ open.

In §3, we consider the analogous case of L(XxY, px v) where (X, p)
and (Y, v) are probability spaces. We also establish an open mapping result
for the conditional expectation operator.

2. Probability measures on S x T. In order to prove our main results
(1) and (2), we first establish a quantitative version for the case when § and
T are finite. An alternate proof of Lemma 2.1 is provided by the argument
in 3.2. The type of combinatorial argument given below is needed to extend
the result to finite products [6].

Lemma 2.1. Suppose S and T are finite sets. Let p € P(Sx T) and
set mp=(a, B). Fix marginals (A, p) in P(S) x P(T). Then there exists
v € P(Sx T) satisfying av =\, p) and ||p-v| <fla - Al + |8 -pl-

Proof. First consider the case where p = 8 and where A and a differ
at exactly two points say s; and s,. We may assume a.(sl) > )\(sl) and so
a(sz) < )t(sz)- Set €= als 1) - )\(sl) and 8 = a(sl). Now define (s, t) =
uls, o) if s # s, and s# s, and define v(sl. t)=(- e)/'o‘op(sl, t) and
Us, 1) = pls,, 8) +(¢/8) - plsy, £). Then mv= (A, p) and [jp-v| = 2¢=
la - All-

Now fix marginals (A, p) in P(S) x P(T). Suppose a # A. Choose s,,
s, in S with als;) > A(s,) and a(s,) <A(s,). Set

e=min{als,) - AMs,), AMs,) - als,)}.

Now define a' by a'(s)=als) if s£s, and s£s, and a'(s)) = als)) +
¢and a' (52) = a(sz) —¢ Then a and a' differ at exactly two points and
la =Al =lla=a’| + |a’= A|. By repeatedly applying the above, we obtain
ayyeevy @, in P(S) suchthat ay=a,a =A Ja-A| =2 ||o;_; - a] and
such that o, _, and o, differ at exactly two points.
If we choose vy,..., v, in P(S x T) such that mv; = (a;, B) and

v,y - vl = lloy_; - all where v = p, then v, satisfies m, = (A, B) and
le-v, |l <lla - All. Now apply the above process to p and B to obtain v €
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P(S x T) such that mv = (A, p) and [lv, - v| <||B - pll. Then ||u-v| <
le=v Ml + v, = vl <lla = Al + 1B -pll-

The above combinatorial result extends to the case where S and T are
Hausdorff spaces, since the set of finite convex combinations of point mass

. E 3 .
measures on S is weak” dense in P(S).

Theorem 2.2. Let p € P(S x T) and set n(y) = (a, B). If (A, p) € P(S)
x P(T), then there exists v € P(Sx T) satisfying a(v) = (\, p) and |p - v||
<lla=Al + IB=-pll- Hence, 7 is a norm open mapping of P(S x T) onto
P($) x P(T).

Proof. Let 9(S) denote the family of finite decompositions {U Peees
Un¥ of § where U,,..., U, are nonempty, disjoint Borel subsets of S.
Given decompositions {4, ..., An} and {B,,..., Bm} of S, we write
A ..., A }<{B,..., B, } if each B, is contained in some A, The
relation < directs D(S). Given U={U,,..., U } in D) and O=1tv,,...,
V,}in D(T), choose x;€U;and y, e V.. Fix pe P(Sx T) and (A, p) €
P(S) x P(T) and set n(y) = (a, B). Given U={U,,..., U } in D(S) and
C- Vypeeou vV 1in DT with choice points Xpooos %, and yyeen, Y,
define

ﬂ(‘u, 0) = ZP-(UI X V]) * 8("1-0 )’])
i'i

where 8(x,, y) is the point mass at (x,, x].). Thus, (U, O) - p(U, C) is a
net and p(U, b) converges to p weak®. Likewise, define a(ll) =
Za(U)8(x,) and B(C) == ﬂ(Vj)8(yj) and similarly for A(U) and p(0).

We obtain v as follows. By Lemma 5.1, there exists v, 0 such that

iy, ) = O, p©) and v
16l ©) = vyl < 1) = AWD] + 18D - pO)
<fa =M+ 18- el

The net Vy,p has a limit point v since P(S x T) is weak™ compact. Neces-
sarily, we have vy, p converges to v weak®. Hence, by weak™ continuity of
m, we have #(v) = (A, p). Also, ||p-v| <lla=A|| + |8 - pl-

Ve next prove that n is weak™ open. This requires a more delicate argu-
ment but again the proof rests upon Lemma 2.1.

Theorem 2.3. Let S and T be compact Hausdorff spaces. Equip P(S),
P(T) and P(S x T) with the weak® topology. The mapping m: P(S x T) —
P(S) x P(T) is weak™ open.
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Proof. Fix y € P(Sx T) and set n(p) = (a, B). Let F, € C(Sx T) such
that 0<F, <1 for k=1,...,n Fix 1>¢>0. Set Q={v e P(Sx T)>
|(u - v)F,| < 18¢ for k=1,..., n}. It suffices to show that #(Q) is a weak™
neighborhood of (a, B). There exist closed disjoint subsets K,..., K, of
Sand L, L of T satisfying (1) a)(Fk, K,xL ) < ¢/2 where
co(Fk, K x L ) is the oscillation of F, on K;x L and (2 KxL)>1-~
e/2 where I( UK and L = UL Now choose G continuous on Sx T
such that 0 <G, < 1 G, is constant on a nexghborhood of K;x L for each
i and j and "Fk -Gl <e/2. Thus, {v: [(p - IG,| <17¢ for each k=
1,..., n} is contained in Q. Choose disjoint open sets Uy,..., Up and
Vl' . V such that K C U L C V and G is constant on U X V’ for
each i j and k. Set U= UU and V UV Choose functions /1,..., /p
in C($) and g, ..., g, in C(T) satisfying 0 <f;£1,f;=1o0n K, and
f;=0 off U, for i = 1, ««+, p and similarly for g,,..., &y

Now assume (), p) € P(S) x P(T) and satisfies 2 |(a - A)f,| <¢/2 and
E}.Kﬁ - p)gi| <¢/2. The proof will be completed if we produce v such that
a¥) =\, p) and |(p-1)G,| <17¢ for k=1,..., n. We approximate p, p, A
in norm and apply the above lemma. First, notice that a(K) - MU) <
(@ - M(Ef)<e/2. Thus, 1<alK)+e/2<MU)+e andso MU)>1-e.
Similarly, p(V) > 1 — . Now define X and p by MU)-A =AU and p(V).5
=p|V. Define i by p(Kx L) = u|(Kx L). If 6 is a probability measure
and E is a G-measurable set with 6(E) >0, then 6(E).0 = 6|E implies
16 -9 = 2[1 - 6(E)]. Hence, |-zl <e |A=2X|| < 2¢ and [|p - 5| < 2e.

It suffices to find ¥ satisfying |(z - P)G,| < 14¢ for k=1,..., n and n(¥)
= (X, p). To see that this is sufficient, set m = min {MU), p(V)}. Then
IA=mA| =1 -m<e Similarly, ||p - mp|| <e. Finally, set

v=my+ (1 -m~1. (\=md x(p-mp).
Ve have #(v) = (A, p). Also,
|G- )G, | <Ml =l + 1@ - 2)G, | + v - vl < 17

We now construct #. Set m{() = (@, B). Then |la - G| <€ and 18- 8l
<e Set a,=qK), B;=B(L), N, =MU), p;=p(V) and p,. = EK; x L).
Then
a;- A =alk)-xU)

=(@-af,+(a- N/, + (A=), + W) - XU ).

Summing from i=1,..., p and using ZA(U;)=1> X(Z/i), we obtain
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Tla,- Ml <la-al(T1)+ A-N(Z 1)
+ Zla- N7+ 1-3(Z 7))
<er 2+ /24 1-3Tf,).

We now estimate the last term. Namely, we have

1- X(Z /i) =(a- a)(z /i) +(a- A)(E /l.) + (- X)(Z /i)
<e+¢€/2+ 2
Thus, 2|a; - A,| < 7e. Similarly, £ lﬁ; - p].| <7e¢. Apply Lemma 5.1 to ob-
tain a doubly stochastic matrix [Vl.,.] such that 2 i.jlf‘ij - vii' <14e, A, =
S‘jvii and p, = 2 v, Define
v=3 vij(XIUi) x (p [V Ap,
i,j
Then #(7) = (R, p). Also,

Kﬁ-;)le = Zg?j(uij—vii) < 14¢

i'j

where gi.‘,. is the constant value of G, on U, x V].. This completes the proof.
If one considers 7 on the cone of nonnegative measures on § x T, then

one obtains the following open mapping results.

Theorem 2.4, Let p € M*(S x T) and set mp = (a., B)-

(1) If (A, p) € M*(S, T), then there exists v € M*(S x T) satisfying
m =, p) and || - vl <3(|a - Al + |18 - pl)/2.

(2) The mapping m: M¥(S x T) = M*(S, T) is weak™ open.

A proof for the first part may be obtained by establishing an appropriate
variant of Lemma 2.1 [see Theorem 3.2(2) below], and taking limits in the
weak™ topology. The second part follows from Theorem 2.3.

3. Integrable functions on a probability space. Let (X, p) be a prob-
ability space and let P(X, p)={f € L (X, p): />0 and ||f|| = 1} denote the
nonnegative integrable functions on X of mass 1. We obtain open mapping
results for the space P(X, y) which are analogs of those in §2 and in [1].
We first consider a naturally induced operator of fundamental importance in
probability theory. Let (X, G, 1) be a probability space and let B be ao-
subalgebra of G LeemL l(X, @, p) - LI(X, fB, p) be the conditional ex-
pectation operator for B. If o denotes the inclusion mapping of LI(X, B, w
into L, (X, q, p), then = is the continuous extension of the adjoint o™:

L (X, G, w — L (X, B, ). See Moy [4].
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Theorem 3.1. Let (X, @, p) be a probability space and let B be ao-
subalgebra of Q. Let n denote the conditional expectation operator for B.

(1) 7= preserves order intervals, i.e., if f € LI(X, G, ) andif nf> g
>0 where g € L;(X. 3, p), then there exists {>h >0 satisfying uh = g.

(2) Fix f€ L}(X, @, p) and g € L}(X, B, p). There exists h e
Ly, @, u) satisfying nh =g and || - b|| = |lnf - gll. Hence, m: LYX, &, p)
- L;(X. B, ) is norm open.

3) m L;(X, Gp- L;(X, B, p) is open with respect to the weak
topology.

(4 Let S and T denote the maximal ideal spaces of L (X, G, w and
L (X, B, W), respectively. There exists ¢: S — T such that ¢ is contin-
uous and open and such that (og)" = § o ¢ for each g € L (X, B, p) where
* is the Gelfand transform and o is the inclusion mapping of L (X, G, .

Proof. To verify (1), fix f € L:(X, @, p) and assume g € L:(X, B, 1
where 7f > g. Set f, =0 and g, = 0. Now define f and g, forn=1,2,...
by the equations

n+l ( Z /> ( Z gi) and 8n+1= ”/n-l-l'
i=0 i=0

Now set f, =27 ,f; and g,, =27 g, Wehave {>/ and g>g,. Since
(f-1f) ANolg-g,)=0 and alf-{,) > g - g, we have g=g.. Thus,n
preserves order intervals. Also, notice that (1) = (2).

Fix f € P(X, @, p) and let U be a weak neighbothood of f in P(X, &, p).
To verify (3), we only need to show that 7l is a weak neighborhood of #f in
P(X, fB, u). Choose disjoint sets El' oo E'z in @ which cover X and €>
0 satisfying {ge P(X, @, ): |(g - /, XE;) <efori=1,..., n} CU and A=
Jefdu>0 for i= 1,..., n. We define (h, k)= [h-kdy for h € L, and
kel Setf = )\[xs Then 27 Af;=fand 27 A, =1 and [; €
P(X, @ p). Now set 1] ={g € P(X, G y) I(g [, XE; )I <e¢fori=1,...,
n}. Then /\1111 +~u+)t 1] cU. Since f;*XE; ._0 if i £ j, we have that
‘U {g € P(x, @, p): |<g, XE; N >1-¢ and so, by applying (1), that n'U is
a weak neighborhood of #f; in P(X, B, p). It remains to show that if C and
0 are weak nexghborhoods of g, and g, in P(x, 8, @ and if a,+a,=1
whete @y, ay >0, then a C and a Lz is a weak neighborhood of a g, +
a,g, Fix ¢heee, € L (X B, 1) such that Il £ 1 and ng
{gePX, B, : |(g- gp YN <eforj=1,...,ml Set ¢, =
g;/(a g, + a,8,) Set a= max{al/az, a,/a,} Fix ge P(X B, p) satis-
fying
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(g - (a8, +a,) YN <e/2 and gl <1+e/20

for i=1,2 and j=1,..., m. We now have (¢,g - g, !/l].) =(g- (algl +
azgz)’ ¢,"/’,'> and a8+ a,p,8 =g Assume B=|¢ gl > 1. Then set
hy=¢,8/B and hy,=¢,=¢,g+0a,(pg~h)/a, Then ah +ah,=¢
and |(h, - g;» ;)| <e since [la,(¢,g-h)/a,| <e/2 and |, - Byl <
¢/2. The case ||¢,gl <1 is similar.

To prove (4), let S* and T* denote the open and closed subsets of §
and T, respectively. Define #: C(S) — C(T) and &: C(T) — C(S) by #(]) =
(nf)" for f e L (X, @ p) and 5(3) = (0g)" for geL (X, B, p). Thus, &
maps idempotents in C(T) to idempotents in C(S). Thus, we have ®: T*
— S* defined by ®(E) = K iff o(xg) = Xk Since @ is a Boolean algebra
monomorphism of T into S, ® determines [2, p. 85] a continuous map ¢ of
S onto T where ¢~ (E) = ®(E) for each E ¢ T¥. Thus, go¢=06(g) for
each g € C(T). To see that ¢ is open, fix K open and closed in S. Let
U={te T: (mxy)&) >0} Then U isopenin T and UC ¢(K) C U where
U denotes the closure of U. Since T is extremally disconnected, we have
U is open and so ¢(K) = U is open.

We now take up the problem of establishing open mapping properties for
marginals of integrable functions on (X x Y, p x v) where (X, p) and (Y, v)
are probability spaces. Given F € LI(X x Y, pxv),set aF =(f el 2) where
11(x) = [F(x, y) dly) and f,(y) = [F(x, y) dp(x). Although closely related
to Theorem 2.2, our next result requires a different proof. A straightforward
application of Lemma 2.1 shows that m: P(X x Y, p x v) — P(X, p) x P(Y, v)
is open with respect to the weak topology. Likewise, in case § and T are
totally disconnected compact spaces, one can similarly show that 7 P(S x T

— P(S) x P(T) is weak™ open. One should also note that part (1) implies
Lemma 2.1.

Theorem 3.2. Let (X, u) and (Y, v) be probability spaces. Let F ¢
L:(X x Y, pxv) and set nF = (f,, 1)

(1) Assume ||F|| =1 and (g, g,) € P(X, p) x P(Y, v). Then there
exists G20 such that nG = (g,, g,) and |F - G| < |f, - gl + I/, - 8l

(2) Fix nonnegative marginals (g 1 32)' There exists G >0 such that
76 = (g, &) and |F - G < 301, - 11+ I - g,/

(3) The mapping m: P(X x Y, px v) —P(X, p) x P(Y, v) is open with
respect to the weak topology.

Proof. As noted above, the proof of (3) is straightforward. Fix F >0
and set #F = (f, f,). Let (g,, g,) be nonnegative marginals. We first
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consider the case where f, = g,. By Theorem 3.1(1), there exists 0 <H<F
such that #H = (b, hz) where h; =f, A g,. We may certainly assume
Ify = bl =A>0. Set G=H+ (g, -h)g,-h,)/A One obtains #G =
(g, g,) and |[F - G| = 2|lg;-h,| = I/, - g,ll- Thecase f; =g, is han-
dled similarly. To see (1), simply consider the intermediate marginals
(/l' 32) and apply the above two cases.

We next consider the case (g,, g,) <(f;, /,) which denotes g, <[, and
8, <[, Choose F > B >0 such that B is maximal with respect to property
7B < (g, g,)- Set nB=(b;, b)) and b, =g, - b. Ve may assume | >0.
Next, choose F - B> C >0 such that C is maximal with respect to the
property m(F - B - C) > (b, h,). lf we set A=F -B-C and 74 =(a,, a,)
and #C = (c,, c,), then we have A =0 on [5,(x) > 0] x [5,(y) > 0] and on
[5,(x) = 0] x [5,(y) = 0] and we have b, = a; on [5,>0]. Thus,

Iy =&l + 13- &5ll = eyl + lleoll + llay = byl + e, - &,
Then nH = (b r }’2)’ It suffices to show
14 - ) <20lay = byl + llay - b1)
since setting G = B + H yields G = (g,, gz) and
IF -Gl <licl+ 1A~ H] Sg(llll - gyl + I, - g,lD.
Using ||h,|| = lla, - b,|l and ||b,|| = |la; - 5|, we have

3
14~ Hl = 1A+ IHN = llay = b} + 1Bl = SMlay - byl + llay = byl

Ve now complete the proof of (2). Set k; =/, A g, Set k;=f; Ag,
We may assume ||k, || < |l&,|l. Fix 1>¢ 820 such that (k; +(f, - k),
"2)’ and (k; + dg, - kl), kz) are marginals. By the case considered above,
there exists K> 0 satisfying 7K = (k; + e(f, - k,), k,) and

IF = K207, = kol 4= 9 Wy = kgD

Now apply (1) to obtain H satisfying #H = (k, + 8(g, — k), k,) and [[K - H|
<ellfy - k1|| + 8||g1 - k,|l. Choose G >0 satisfying #G = (g, 82) and
I|H - G| = (1-0)|g, - &,ll- Then we have

3
IF - Gll <IF - Kl + K~ H]| + |H - 6] 55(“/1 - gl + I, - &,
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